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$V=\{x_{1}, x_{2}, \ldots, x_{v}\}$ $V$
(simplicial complex) $\triangle$ (1) (2) $2^{V}$
$2^{V}$ $\mathrm{I}^{f}$






$\#(\sigma)=i+1$ $\mathrm{z}$-face $d= \max\{\#(\sigma)|\sigma\in\triangle\}$
$\triangle$ (dimension) $\mathrm{d}\mathrm{i}_{\mathrm{l}}\mathrm{n}\triangle=d-1$
$A=k[x_{1,2,\ldots,.v}x\mathrm{t}\cdot]$ v $V=\{.\iota_{1}".\mathrm{t}_{2}, \ldots, x_{v}\}$
$\triangle/$ $A$ $I_{\triangle}$
$I_{\triangle}=(x_{i_{1}}x_{j}.\cdots x_{i_{\Gamma}}|21\leq i_{1}<i_{2}<\cdots<i_{r}\leq 1),$ $\{x_{i_{1}}, x_{i_{2},j}. , , , \mathrm{T}\}r\not\in\triangle)$
$k[\triangle]:=A/I_{\Delta}$ $\triangle$ Stanley-Reisner $\circ$
$A$ $\mathrm{d}\mathrm{e}\mathrm{g}.\iota_{i}’=1$ $A=\oplus_{n\geq 0}A_{n}$
$k[\triangle]$ $A$ $k[\triangle]=\oplus_{n\geq 0}(\mathrm{x}\cdot[\triangle])_{n}$
$k[\triangle]$ $A$
$0 arrow\bigoplus_{i\in \mathrm{Z}}A(-j)’ h,)arrow\varphi_{h}$
.
$.. arrow\bigoplus_{j\in}\varphi_{2}A(-j\mathrm{z})^{\beta 1_{\mathrm{J}}},arrow Aarrow k\varphi 0[\triangle]/\ell 1arrow 0$
$\circ$
$h$ $k[\triangle]$ (homological $\mathrm{d}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$)
$h=\mathrm{h}\mathrm{d}A(k[\triangle])$ v–d\leq h\leq v
$\theta_{i,j}$ $k[\triangle]$ $(i,j)$ $((i, j)$ -th Betti number)
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$\beta_{i}:=\Sigma_{i\in \mathrm{z}}\beta i,j$ $k[\triangle]$
$i$ (i-th Betti number)
$0\triangle$ $d-1$ Gorenstein complex $h=v-d,$ $\beta_{h}--1$
. Upper Bound Theorem (\S 1 ) cyclic poly-




complex $0$ .. .
$\beta_{i}(k[\triangle])\leq\beta_{i}(k[\triangle(C(v, d))])$ .
? $d=3$




\S 1 Stanley-Reisner Betti
$-$ Hochster
Stanley-Reisner Betti
\S 2 cyclic polytope




\S 1. Hochster’s formula
Given a subset I lr of $V$ , the restriction of $\Delta$ to $W$ is the subcomplex
$\triangle w=\{\sigma\in\Delta|\sigma\subset W\}$
of $\triangle$ . In particular, $\triangle_{V}=\triangle$ and $\triangle_{\emptyset}=\{\emptyset\}$ .
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. Let $\grave{H}_{i}(\triangle;k)$ denote the i-th reduced simplicial homology group of $\triangle$ with








$\beta_{i}’4(\lambda\cdot[\triangle])=\sum\dim_{k}\grave{H}\#(W)-i-1(\triangle w;k)W\subset V$ .
Some combinatorial and algebraic applications of Hochster’s formula
have been studied. See, e.g., $[\mathrm{B}-\mathrm{H}_{1}],$ $[\mathrm{B}-\mathrm{H}_{2}],$ $[\mathrm{H}_{2}]$ , [H3], $[\mathrm{H}_{4}]$ , and $[\mathrm{T}-\mathrm{H}_{1}]$ .
\S 2. Betti numbers of Stanley-Reisner rings
associated with cyclic polytopes
In this section we briefly summarize the results in $[\mathrm{T}-\mathrm{H}_{2}]$ . See $[\mathrm{T}-\mathrm{H}_{2}]$
for the detailed information. See also e.g., $[\mathrm{B}\mathrm{r}\emptyset]$ for general properties of
cyclic polytopes.
Let $\mathrm{R}$ denote the set of real numbers. For any subset $\Lambda I$ of the d-
dimensional Euclidean space $\mathrm{R}^{d}$ , there is a smallest convex set containing
$M$ . We call this convex set the convex hull of $M$ and denote it by convM.
For $d\geq 2$ the $mom\epsilon n\dagger$ curve in $\mathrm{R}^{d}$ is the curve parametrized by
$t-x(t)$ $:=(t, t^{2}, \cdots, t^{d})$ , $t\in \mathrm{R}$ .
By a cyclic polytope $C(v, d)$ , where $v\geq d+1$ and $d\geq 2$ , we mean a poly-
tope $/P$ of the form $\mathcal{P}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{V}\{x(t_{1}), \cdots, x(t_{v})\}$ , where $t_{1},$ $\cdots,$ $t_{v}$ are distinct
real numbers. It is well known that $C(v, d)$ is a simplicial $d$-polvtope with
the vertex set $\{x\cdot(t_{1}), \cdots, x(t_{v})\}$ , and its face lattice is independent of the
particular values of $t$ . Therefore its boundary complex is a simplicial com-
plex and has the same combinatorial structure for any choices of vertices.
We denote it by $\triangle((((v, d))$ .
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The next theorem explains why the cyclic polytope is important.
UPPER BOUND THEOREM (cf. e.g., $[\mathrm{B}\mathrm{r}\emptyset]$ ) Let $\mathcal{P}$ be a d-dimensional
polytope with $vvetic\epsilon s$ . Let $C$ be a $d$ -dimensional cyclic polytope with $v$
vertices. Then we have
$f_{i}(^{\mathrm{p})}\leq f_{i}(C)$ ,
where $f_{i}(P)$ stands $fo$ ”the number of 2-facces of apolytope $\mathcal{P}$ .
We now compute the Betti numbers of a minimal free $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{o}1\iota 1\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ of the
Stanley-Reisner ring $\lambda\cdot[\triangle(C(v, d))]$ of the boundary complex $\triangle((^{\mathrm{v}}(v, d))$ of
the cyclic polytope $(^{r}(\mathrm{t}^{)}, d)$ .
We fix a field $\lambda,$ .
If the dimension $d$ is even, a minimal free resolution of $k[\triangle]$ is pure and
the Betti numbers can be computed from the Hilbert function of $k[\triangle]$ .
PROPOSITION 2.1 $([\mathrm{s}_{\mathrm{C}}\mathrm{h}])$ . Let $\triangle$ be the boundary complex $\triangle(C(v, d))$
of the cyclic $polytop\epsilon C^{;}(v, d)$ , where $d\geq 2$ is even. Then a $mi|\mathrm{t}i\gamma nal$ free
resolution of $k[\triangle]\mathit{0}\iota^{\tau}\mathrm{f}|’$ $A$ is of the form:
$0arrow A(-\mathrm{t},’)arrow A(-v+\underline{\frac{d}{9}}+1)\beta\tau’-d-1arrow$
. . . $arrow A(-\underline{.\frac{cl}{)}}-2)^{\beta_{2}}arrow A(-\frac{d}{2}-1)^{\beta_{1}}arrow Aarrow k[\triangle]arrow 0$ ,
where for $1\leq i\leq\iota’-d-1$ ,
$\beta_{i}=+$ .
Our formula on $‘ i_{i}$ in Proposition 2.1 is, in fact, a little bit different from
the one in [Sch]. But it is easy to show that they are coincident.
Now we state the main theorem in this chapter.
THEOREM 2.2 $([\mathrm{T}-\mathrm{H}_{2}])$ . Let $\triangle$ be the boundary comple $\mathrm{i}r\triangle(C_{\text{ }}(v, d))$
of the cyclic $po\iota_{yt}\mathit{0}\mathit{1}j\prime C(‘\iota),$ $d),$ $wher’ ed\geq 3$ is odd. Then a minimal free
resolution of $k[\triangle]o\mathrm{t}’\epsilon r$ $A$ is of the form:
$0 arrow A(-\iota’)arrow A(-v+[.\frac{d}{2}]+‘ 2)^{b_{2}}’-d-1\oplus A(-v+[\frac{d}{2}]+1)^{b_{1}}arrow$
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$... arrow A(-[\underline{.\frac{c/}{)}}]-2)^{b_{2}}\oplus A(-[\frac{d}{2}]-3)^{b_{\iota-}}’ d-2arrow A(-[\underline{‘\frac{cl}{)}}]-1)^{b_{1}}$
$\oplus A(-[\frac{d}{2}]-2)^{\prime_{J_{1}}}.,-d-1arrow Aarrow k[\triangle]arrow 0$ ,
where for $1\leq i\leq \mathrm{t}’-d-1$ ,
$b_{i}=$ .
Even if the $\mathrm{g}\mathrm{e}\mathrm{o}\coprod \mathrm{l}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}$ realization $|\triangle|$ of a simplicial $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{l}$ ) $1e\mathrm{x}\triangle$ is a
sphere, a Betti number of the Stanley-Reisner ring $k[\triangle]$ may depend on the
base field $k$ in general. See [ $\mathrm{T}-\mathrm{H}_{1}$ , Example 3.3]. But as for the boundary
complexes of cyclic polytopes we have the following result:
COROLLARY 2.3. $L\epsilon t.\triangle$ be the boundary complex $\triangle(C, (1\succ, d))$ of the cyclic
polytope $C(v, d)$ . $wh\epsilon 1^{\cdot}6d\geq 2$ . Then all $th\epsilon$ Betti numbers of $tl_{l}c$ Stanley-
Reisner ring $k[\triangle]a1^{\cdot}\theta$ independetlt of $th\epsilon$ base field $k$ .
We show unimodality of the Betti number sequence
$(\beta_{0}, \beta_{1}, \cdots , \beta_{v-d})$ of the Stanley-Reisner ring $k[\triangle(C(\mathrm{t}" d))]$ associated with
$C(v, d)$ . Since this sequence is symmetric, i.e., $\beta_{i}=\beta_{v-d-i}$ for every $0\leq$
$i\leq v-d$ , the unimodality means $\beta_{0}\leq\beta_{1}\leq\cdots\leq\beta[(v-d)/2]$ .
COROLLARY 24. $L\epsilon t\triangle$ be the boundary complex $\triangle(C(\iota" d))$ of the
cyclic polytope $C(v, (/)$ . Then, the Betti number $sequ\epsilon nce$
$(\beta_{0}(k[\triangle]), \beta_{1}(k[\triangle. ]). \cdot. . , \beta_{v-d}(k[\triangle].))$ of the $stanl.\epsilon y- Reisn\epsilon\Gamma ri7?_{J^{k}}/[\triangle]$ over
$A$ is unimodal.
\S 3. Gorenstein complexes
We first give the definition (see $[\mathrm{S}\mathrm{t}\mathrm{a}_{1}]$ ). Let $k$ be a field or Z. Let $\triangle$
be a $(d-1)$ -dimensional simplicial colnplex with t) vertices. We call $\triangle$
$\mathrm{G}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}*\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}k$ (or $k- \mathrm{G}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}^{*}$ ) if it satisfies one of the following
equivalent conditions;
(l)For all faces $\sigma\in\triangle$ (including $\sigma=\psi$ ) we have
$\tilde{H}_{i}$ (link $\triangle(\sigma);k$ ) $\cong\{$
$k$ , if $i=\dim$ link $\triangle(\sigma)$ ,
$0$ , otherwise.
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(2) $(\mathrm{a})k[\triangle]$ is Gorenstein.
(b)For all $1\leq i\leq \mathrm{t}$” $.r_{i}$ are zero-divisors in $k[\triangle]$ .
1Ve have the following hierarchy;
{Boundary complexes of simplicial polytopes}
$\subset$ {Triangulations of a sphere}
$\subset\{\mathrm{z}- \mathrm{G}_{\mathrm{o}\mathrm{r}}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}1*\}\mathrm{e}\mathrm{X}\mathrm{e}\mathrm{S}$
$\subset$ { $\mathrm{Q}- \mathrm{G}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{t}\text{\’{e}} \mathrm{i}\mathrm{n}^{*}$ complexes}.
Remark. (l)All the inclusions above are strict. Non-shellable triangu-
lation,of a sphere (a Poincar\’e sphere. an odd-dimensional real projective
space, respectively) gives the first (second, third, respectively) inclusion
strictness.
(2) $\mathrm{I}\mathrm{f}v-d\leq 3$ , then all the above classes are equal $([\mathrm{B}\mathrm{r}\mathrm{u}-\mathrm{H}\mathrm{e}\mathrm{r}2])$ .
(3) $\mathrm{I}\mathrm{f}d\leq 3$ , then all the above classes are equal.
Problem 3.1. Let $k$ be a field. If $\triangle$ is a $(d-1)$ -dimensional k-
Gorenstein* $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\lambda’$ with $v$ vertices, then does
$\beta_{i}(k[\triangle])\leq\beta_{i}(k[\triangle(c’(v, d))]\mathrm{I}\cdot$
hold? In particular, in the case $d=3$ , does
$\beta_{i}(k[\triangle])\leq\frac{(v-1)(v-i-3)}{i+1},$ $1\leq i\leq v-4$ ,
hold?
Actually it holds if $v-d\leq 3$ ([Bru-Her2]) or if $d\leq 2$ . In the case
$d=3$ we can treat the problem from a combinatorial view point because of
Remark (3). We have the following partial results;
THEOREM 3.2. $L\epsilon t\triangle$ be a 2-dimensional Gorenstein $*Compl\xi.r$ vith $v(\geq$
5) vertices.
(1) We have $\beta_{1}(k[\triangle])\leq\frac{(v-1)(v-4)}{2}$ .
(2) We have
$|l \mathit{3}_{i}\leq’\frac{(\iota-1)(v-i-3)}{i+1},$ $1\leq i\leq\tau^{\tau-}4$ .
for $v\leq 12$ .
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To provc t,he tbeorern, we use:
THE INDUCTION THEOREM OF $\mathrm{B}\mathrm{R}\ddot{\mathrm{U}}\mathrm{C}\kappa \mathrm{E}\mathrm{R}$-EBERHARD(cf. $[()\mathrm{d}\mathrm{a}$ , P190]).
Supposc a $f_{l^{\backslash }}.n.\uparrow.tCl’|\mathit{0}’ 1g_{1(,lt}o..?.\mathit{0}’\triangle$ of $\mathrm{S}^{2}$ is givcn,. $\mathrm{I}’\dagger^{\gamma_{C}}gcl$ a $t.\uparrow’ i.a\uparrow$ }$..\mathrm{c}/nl‘\iota ti_{\mathit{0}\uparrow l}\triangle’$
of $\mathrm{S}^{2}\uparrow oi.t/\iota$. $\mathrm{O}7lC$ ”$1.\mathit{0}’\cdot\epsilon.${ $)c\uparrow\cdot t.CX.,$ $i.f$ a $vc\uparrow’ l_{C}X$ of $\triangle$ is “ split $i_{1},l.\mathit{0}$ two ’ by one of
$thc$. thrcc $sfC|ys(/),$ $(_{\sim}^{1)}’),$ (3) $sh.ol)7|,$ $i.17$. $t/\iota c$ figurcs bclow . $|\prime \mathfrak{l}^{\gamma_{C}}ca,n$ obtain any
$gi\uparrow)\rho.\uparrow\uparrow f|’.7\}.if\Gamma$. $\mathit{1}\uparrow’ i.ar\mathit{1}.q_{\mathfrak{l}l}../_{t1},lio71$. of $\mathrm{S}^{2}$ from $t.’|.(^{7}$. $i.\xi_{/}’ t_{?}.’ \mathit{0}.l1.(^{\backslash }’(/.$”($\iota/$. $t,,i\mathrm{r}|’ \mathit{1}g\mathrm{t}l,l,at.?\cdot O?1$ by $spl$.it. $t.i.\uparrow|..q$
$\iota)c$ ”$t.i_{CcS}\mathit{1}i?\mathrm{t}.it_{C}ly\uparrow\prime 1\cdot 11|//.i\prime 11\cdot CS$ .
$/.j_{i,i1}(+:\mathrm{A}[’\triangle’])\leq/f_{\dagger,i+1}.(t_{\backslash },.[\triangle])+\beta i-\iota,i(k[\triangle])+$ .
for $i\geq 1$ .
LEMMA 34. $T,c./\triangle$ be a $t.\uparrow’ io,\uparrow 1gu\tau,at.io\cdot n$ of $\mathrm{S}^{2}$ with $v$ vcrtices. il ssume $\triangle$
is obtain, $cd$ from $t/\iota$ ( ’clrahcdral $t\uparrow\cdot i.$ ($l??gn,lal.i.071$. by $s\uparrow l.Cccs.5i\uparrow$ ) $e$ sleps of (1) and
$(_{\sim}^{Q})$ . $Th_{C7l}.$, we $ha\uparrow$) $c$.
$\beta_{i,i+1}(k[\triangle])\leq i$ .
$p_{\mathrm{t}’ OO}f$. Tha,nks $(_{t}0$ Lemma 33, we have




as required. Q. E. D.
. LEMMA 3.5. $L\epsilon t\triangle b\epsilon$ . a triangulation of $\mathrm{S}^{2}$ with t) vertices. If $v\leq 12$ ,
and if $\triangle$ is not $th\epsilon$ icosahedral triangulation, then there exists a vertex $x$
such that $d(x)\leq 4,$ where..
$d(x):=\#$ { $\sigma:\mathit{1}- fac\epsilon$ of $\triangle|x\in\sigma$ }.
Now we skech the proof of Theorem 3.2. First note that non-zero Betti
numbers $\beta_{i,j}$ only appear in the 2-linear part $(\beta_{1,2}, \ldots, \beta_{v-}4,v-3)$ and in the
3-linear part $(\beta_{1,3}, \ldots , \beta_{v-4,V-2})$ for $1\leq\dot{\mathrm{z}}\leq v-4$ . Since $\triangle$ is Gorenstein,
we have $\beta_{i,j}(k[\triangle])=f_{1J}-i-3,v-j(k[\triangle])$ for.. every $i$ and $j.$ Pu.t $j:=?+2$ . We
have $\beta_{i},i+2(k[\triangle])=f_{\iota’-i-}3,v-i-2(k[\triangle])$ .
Suppose $\tau’\leq 12$ and $\triangle$ is not the icosahedral triangulation, (In the case
$\triangle$ is the icosahedral triangulation, we must treat it separately. But we omit






which is the assertion (2).
As for the assertion (1), note that $\beta_{1,2}(k[\triangle])$ $=\underline{\{v-3)}\{2\underline{v-4)}$ , which only
depends on $\mathrm{t}’$ . Hence we have only to show $\beta_{1,3}.(k[\triangle])\leq\frac{v-4}{2}$ , Then we have
only to check that the number of “empty triangles (circles of length 3 which
are not 2-faces)” increases at most by one in the case (3) in the Induction
Theorem, which is immeadiate.
References
[Bay-Lee] M. Bayer and C. Lee, Combinatorial aspects of $conv\epsilon.\iota$ . polytopes,
in “Handbook of $(_{-\mathrm{n}}^{-_{\mathrm{t}}}\mathrm{o}\mathrm{V}\mathrm{e}\mathrm{x}$ Geometry” (P. Gruber and J. Wills, $\mathrm{e}\mathrm{d}\mathrm{s}.$ ),
North-Holland, Amsterdam $f$ New York $/\mathrm{T}\mathrm{o}\mathrm{k}\mathrm{y}\mathrm{o}$ , 1993, pp. 485-534.
69
$[\mathrm{B}\mathrm{r}\emptyset]$ A. $\mathrm{B}\mathrm{r}\emptyset \mathrm{n}\mathrm{d}_{\mathrm{S}}\mathrm{t}\mathrm{e}\mathrm{d},$ $‘ 4\mathrm{A}\mathrm{n}$ introduction to convex polytopes,” Springer-
Verlag, New $\mathrm{Y}\mathrm{o}\mathrm{l}\cdot \mathrm{k}/\mathrm{H}\mathrm{e}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}/\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{i}\mathrm{n}$ , 1982
$[\mathrm{B}\mathrm{r}\mathrm{u}^{-}\mathrm{H}\mathrm{e}\mathrm{r}1]$ W. Bruns and J. Herzog, “ $(_{\lrcorner}^{1}\mathrm{o}\mathrm{h}\mathrm{e}\mathrm{n}$-Macaulay Rings,” $(^{\mathrm{t}}\mathrm{a}\mathrm{m}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{d}\mathrm{g}\mathrm{e}$
University Press, $\mathrm{C}\mathrm{a}\mathrm{m}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{d}\mathrm{g}\mathrm{e}/\mathrm{N}\mathrm{e}\mathrm{w}\mathrm{Y}_{0}\mathrm{r}\mathrm{k}/\mathrm{S}\mathrm{y}\mathrm{d}\mathrm{n}\mathrm{e}\mathrm{y}$, 1993.
[Bru-Her2] W. Bruns and J. Herzog, On multigraded resolutions, Math.
Proc. Cambridge Philos. Soc. 118(1995) 245-257.
$[\mathrm{B}-\mathrm{H}_{1}]$ W. Bruns and T. Hibi, $Coh\epsilon n$-Macaulay partially $orde”\epsilon dsCts$ with
pure resolutions, preprint (October, 1993).
$[\mathrm{B}-\mathrm{H}_{2}]$ W. Bruns and T. Hibi, $stanley^{-Re}isner?\cdot i.ngs$ with $pur\epsilon$ nsolutions,
Comm. in Algebra 23 (4) $(1995)$ 1201-1217.
$[\mathrm{H}_{1}]$ T. Hibi, “Algebraic $\mathrm{c}_{\mathrm{o}\mathrm{m}}^{1}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{t}_{\mathrm{o}\mathrm{r}\mathrm{i}}\mathrm{c}\mathrm{S}$ on Convex $\mathrm{P}\mathrm{o}\mathrm{l}\mathrm{y}\mathrm{t}_{0}\mathrm{p}\mathrm{e}\mathrm{S},\backslash ’\subset^{\mathrm{t}},\mathrm{a}\mathrm{r}\mathrm{s}\mathrm{l}\mathrm{a}\mathrm{W}$
Publications, Glebe, N.S.W., Australia, 1992.
[Hi2] T. Hibi, $c_{\text{ }}oh\epsilon\prime 1-Macau/aytyp\epsilon.-\backslash \neg$ of Cohen-llIacaulay comph .res, J. Al-
gebra 168 (1994), 780-797.
[Hi3] T. Hibi, Canon ical $modul\epsilon s$ and Cohen-Macaulay type.$\mathrm{q}$ of partially
ordered spts. Advances in Math. 106 (1994), llS-121.
$[\mathrm{H}_{4}]$ T. Hibi, $Buch.$-$\backslash$baum complexes with linear rcsolutions, to appear in J.
Algebra.
[Hoc] M. Hochster, $(^{\mathrm{t}}ohen$-Alacaulay rings, combinatorics, and sirnplicial
complexes, in “Ring Theory II” (B. R. $\mathrm{M}\mathrm{c}\mathrm{D}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{d}$ and R. Morris, $\mathrm{e}\mathrm{d}\mathrm{s}.$ ),
Lect. Notes in Pure and Appl. Math., No. 26, Dekker, New York, 1977,
pp.171 $-223$ .
[Oda] T.Oda, “ $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{n}1r\mathrm{e}\mathrm{X}$ Bodies and Algebraic Geometry–An Introduction
to the Theory of Toric Varieties,” Springer-Verlag, New $\mathrm{Y}_{01}\cdot \mathrm{k}/\mathrm{H}\mathrm{e}\mathrm{i}\mathrm{d}\mathrm{e}1-$
$\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}/\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{i}\mathrm{n}$ , 1988.
[Sch] P. Schenzel, Uber die freien Aufl\"osungen $extre\prime nlerC,ohe\gamma l-\iota\wedge IaCaulay-$
Ringe, J. Algebra. 64 (1980), 93 - 101.
$[\mathrm{S}\mathrm{t}\mathrm{a}_{1}]\mathrm{R}.\mathrm{P}$.Stanley, $(_{\tau^{\mathrm{v}}\rho ner}ali_{Ze}dh$ -vectors, $interS\epsilon Ction$ cohomology of toric
varieties, and $’.\not\in$ lated results, in “ Commutative Algebra and Combina-
torics,” Advanced Studies in Pure Mathmatics 11, Kinokuniya (1987),
187-213.
70
$[\mathrm{S}\mathrm{t}\mathrm{a}_{2}]$ R. P. Stanley, “Combinatorics and Commutative Algebra, Second
Edition ” Birkh\"auser, $\mathrm{B}\mathrm{o}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{n}/\mathrm{B}\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{l}f$ Stuttgart, 1996.
$[\mathrm{T}-\mathrm{H}_{1}]$ N. Terai and T. Hibi, Stanley-Reisner rings whose $B\epsilon tti$ numbers
are independent of the base field, to appear in Discrete Math.
$[\mathrm{T}-\mathrm{H}_{2}]$ N. Terai and T. Hibi, Computation of Betti numbers of monomial
ideals $associat\epsilon d$ with cyclic polytopes, to appear in Discrete Comput.
Geom.
$[\mathrm{T}-\mathrm{H}_{3}]$ N. Terai and T. Hibi, Computation of $B\epsilon ttinumb\epsilon\Gamma S$ of monomial
ideals $as\mathrm{i}\supset \mathit{0}\neg Ciat\epsilon d$ with stacked polytopes, Preprint.
$[\mathrm{T}-\mathrm{H}_{4}]$ N. Terai and T. Hibi, Finite free resolutions and $l- skel\epsilon tonS$ of sim-
plicial complf.$r\epsilon.\backslash$ , to appear in J. of Algebraic Combinatorics.
71
